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Abstract

When the periodic vortex-shedding frequency of a bluff structure “locks-in” with one of the natural frequencies of
the structure, the state is termed synchronization. When this lock-in or detuning state persists over a considerable
period of time, fatigue stresses become predominant which then may lead to structural damage and even failure.

Vortex-excited oscillations of bluff structures are one of the important problems in wind engineering, and wake
oscillator models, especially the Van der Pol or Rayleigh type, have been studied profoundly over the last 20 odd years.
The approach of most researchers is to couple one form of the Rayleigh oscillator with the conventional equation of
motion of a single degree of freedom system. It is emphasized though that, depending on the form of the Rayleigh
equation chosen, convergence to the solution may not be guaranteed, and the problem becomes ill-defined. The
proposed semi-empirical model is of the coupled Rayleigh wake-oscillator type with the equation of motion containing
a series term for the forcing function. The paper highlights the mathematical suitability of the proposed form for the
aerodynamic response of an isolated structure.
© 2010 Elsevier Ltd. All rights reserved.
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1. Introduction

The separation of a uniform two-dimensional flow due to its encounter with a bluff body in its path results in
the formation of the two zones of concentrated vorticity, across which a large velocity gradient exists. These are referred
to as the shear layers. Fed by the energy in the oncoming flow, the vorticity in the shear layers keeps growing until
it reaches a critical stage when the two shear layers interact and shed the vorticity in the form of a vortex that con-
vects downstream. This sequence is repeated periodically with the formation of the familiar vortex street (Simiu and
Scanlan, 1996).

For a rigidly fixed cylinder, an alternating, staggered vortex street adequately portrays the phenomenon of vortex
shedding downstream of the cylinder. But the consideration of an elastic system that can move is a more difficult task.
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Nomenclature X lift displacement
X, dimensionless lift displacement variable,
a pD*1/(87°S* M) x/D
C total linear damping constant o damping constant in Rayleigh equation
cr instantaneous lift coefficient in  domain Y damping constant
D diameter of cylinder o phase shift
F, external lift force g weighted constant for forcing function
Fy lift force based on the value (4M/L)/(npaiDL)
f(x) forcing function € constant denoting small change
fler) forcing lift force €0 proportionality constant
fs frequency of vortex shedding, SV/D € constant related to mass of cylinder
I fundamental frequency of body & constant related to mass of fluid medium
K, total stiffness of springs 4 damping ratio of cylinder, C/2Mw,
ke stiffness of cylinder in lift direction o density of fluid medium
K; constant value relating to lift force Pair density of air
L characteristic length of cylinder T Wyt
I3 Lipschitz constant g Silfn
/ length of cylinder W, natural circular frequency of body, 2xf,
M mass of cylinder Wy Strouhal circular frequency, 2xf;
S Strouhal number ) first order derivative with respect to
Sr Scruton number, m{/pD’ T, d( )/dx
V fluid stream velocity (Y material time derivative, d( )/dt
v wind velocity () second order derivative, &( ) /df’
Vair volume of air

In addition to the flow interactions leading to the vortex street, there occurs a highly complex feedback effect from the
wake to the elastically supported cylinder. The degree of influence of this feedback upon the phenomenon depends on
the proximity of the Strouhal frequency, f;, to the natural frequency of the elastic system, f,,. Over a certain range of
windspeeds, for which the detuning or separation of these two frequencies is close to zero, the periodicity in the wake
locks-in or is synchronized by that of the mechanical system. The shedding frequency abruptly deviates from varying
linearly with the stream velocity, as depicted in Fig. 1, and stays constant with that of the mechanical system. In this
state, the feedback from the synchronized wake to the cylinder intensifies and the response amplitude of the elastically
supported cylinder grows to a maximum limit marking the end of the synchronization range. This phenomenon was
studied by Bearman (1984), who is just one of many researchers in the area of vortex shedding.

The Strouhal frequency is defined as
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Fig. 1. Strouhal frequency, fs versus flow velocity, v.
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where V is the incident wind (fluid) speed, D the lateral dimension of the body, and S the Strouhal number. The
Strouhal number depends on the geometric properties of the body (Ohya et al., 1989).

In experimental work, vortex-induced vibration may be grouped into two categories, depending on the fluid in use,
i.e. air or water. Due to a lower mass ratio (fluid to structure) in the case of air, response amplitudes are considerably
lower than for analogous experiments with water. Further classification is required, depending on whether the cylinder
is allowed to vibrate freely during the loading states or whether it is subjected to forced vibrations where the frequency
and amplitude of vibration are controlled independently. Independent control over the frequency and amplitude of
cylinder oscillation makes it easier to observe the effect of variation of either parameter. For free-vibration experiments,
the vibration amplitude and frequency of vortex shedding keep changing simultaneously as the stream velocity is varied.
In the forced vibration experiments, however, the cylinder vibration may no longer be called vortex-induced, since the
phenomenon is altered from its free state by steady state impulses. It is interesting to note here that the reports of
several investigators indicate that for a certain pair of values of stream velocity, V, and damping ratio, {, within the
synchronization range, the vortex-induced response is bi-stable, that is, the system may respond at either of two distinct,
stable amplitudes. The actual response amplitude is determined by the initial conditions (Shih et al., 1993).

2. Previous research
2.1. Analytical

Wake oscillator models based on the Rayleigh equation or more commonly the Van der Pol oscillator equation can be
placed into two broad categories, based generally on the form of the Rayleigh equation employed. Within these two
categories, there can be further subdivision based on the forcing function of the oscillator, i.e. displacement coupled, velocity
coupled, or acceleration coupled.

Now, starting with the more common system, as employed by Skop and Balasubramanian (1997), this model employs
a velocity-coupled system based on the classical Van der Pol equation. Their model, as given by Egs. (17) and (18) in
Skop and Balasubramanian, is as follows:

. . 20,
4 20 jonip + oy = po (q— w—“y) )
G—03G(Cly—44")q + w;q = o,F. (©)

The equations above are reproduced using the same symbols and definitions as in Skop and Balasubramanian (1997).

Now considering the velocity-coupled system above, by making reference to the lift phenomenon, physically it may
be explained, but mathematically the formulation is weak, since it is incomplete, and may lead to divergence as a result
of secular terms in the series expansion. A more traditional and accepted approach would have been to use a truncated
series expression incorporating the velocity term. This secularity could be one reason why the stall term had to be added
to the forcing function of the equation of motion, Eq. (2), to counter the low damping divergence produced.

The second model is that of Facchinetti et al. (2004). This model employs an acceleration-coupled system and is given
in Eq. (6) of Facchinetti et al., as follows:

h+ (265—}—%))’/—1—52)/:5, 4)
q+ed =g +q=F1. ®)

Again these equations are reproduced using the same symbols and definitions as in Facchinetti et al. (2004).

It is to be noted here that this model is based on acceleration-coupling using a single term as defined by f'in Eq. (5).
Now, even if this is explained based on energy principles, for the reasons stated above, this may lead to instability and
divergence. It would have proven to be a more complete and compatible formulation if again a truncated series was
used incorporating the second-order acceleration term. This would have also ensured continuity.

Now, considering Egs. (3) and (5), we see the form of the Van der Pol equation used has the nonlinear term, ¢ ¢°. And
because of this particular nonlinear term, it can be shown that this form of the oscillator equation doe not satisfy the
Lipschitz condition; from the theory put forward in the succeeding sections, the Lipschitz condition is one condition to
guarantee that the problem be well-defined and produce a solution. Moreover when dealing with transcendental
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Fig. 2. Model structure for analysis.

equations, such as the Rayleigh equations, we need to ensure that the problem is well-defined in order that a numerical
solution exists. For ill-defined problems, in progressing towards the solution, as the time steps are reduced, the results
produced may not be meaningful, whether we have velocity coupling or acceleration-coupling, as instability will occur.
The third model is the model proposed in the current paper and is elaborated in Williams and Suaris (2006). The
model stems from that of Hartlen and Currie (1970), and forms the foundation of the present work. The physical system
considered is shown in Fig. 2. The cylinder of diameter D and length / is mounted elastically on springs of total stiffness
K,, and the total linear damping constant is C, and M is the cylinder mass. The external lift force acting on the cylinder
is F,, with x being the amplitude in the lift direction. We now introduce dimensionless variables x, and t defined as

KA\ 12
x,=(x/D), 1= t(ﬁ) = wyt 6,7)
and dimensionless parameters defined by

,__C __pD? _S_o(V
Q_zMwna a_gnzszMa wO_]Tn_S ﬁ s (859’10)

where S is the Strouhal number for the cylinder, V' the velocity of the fluid flow with p being the density of the fluid;
£, the vortex shedding frequency which is related to the Strouhal number, S, and f, the natural frequency of the cylinder
on its elastic mounting. The characteristic equation of dynamic equilibrium of the cylinder in dimensionless form
becomes

% 4 20%, + X, = ao}eyr, (11)
where ¢; is the instantaneous lift coefficient that is influenced by the motion of the cylinder; therefore it is a function of
7. The overdot indicates differentiation with respect to z.

The second part of the mathematical model involves the development of an equation for ¢;. The approach taken is
well laid out in Hartlen and Currie (1970). The form of the equation for ¢; will be

Cr—omglr + l(c"L)3 + w(z)cL = forcing term (12)
o

with o and y being damping terms.
Egs. (11) and (12) represent the coupled wake oscillator model as developed by Hartlen and Currie.
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3. Proposed model
3.1. Wake oscillator model for isolated cylinder

This section is discussed in detail in Williams and Suaris (2006). Writing the equation of motion in its basic form,
we have the following:

x” + damping term + o> x = &;f (cL), (13)

where x is the displacement in the lift direction, f{c;) is a forcing function related to the lift (wind) coefficient, ¢;, and ¢,
is a constant related to the mass of the cylinder, with w,, being the natural frequency of the cylinder. The prime denotes
differentiation with respect to time, .

Now considering the lift force function, f{(c;) as a product of the static pressure and the cross-sectional area of the
cylinder, i.e. }pv?DLc; and ¢ = M, the equation is reduced to

x" + damping term + x = (1/M)DLipv*c;, (14)

where M is the mass of the cylinder of diameter D, and length L, p the density of the fluid medium, v the velocity of the
fluid stream, and ¢ the lift (wind) coefficient, with w,, being the natural frequency of the cylinder.

Expressing the aerodynamic equation in a similar form, we have

¢} + damping term + wf L= 52]%, (15)
where f(x)/L is a forcing function per unit length related to the motion of the cylinder. The forcing function is expressed
per unit length to be consistent with the final expression for the forcing function in the equation of motion and also for
dimensional consistency of the equation. By analogy with Eq. (13), &, is a function of the wind mass, represented by p,;,
Vair» the product of the density of the fluid medium and the contributing volume of air; w, = 2xf; is the Strouhal circular
frequency.

From analyses carried out, and using a series expression for the forcing function, the lift coefficient, c;, was observed
to be proportional to the amplitude of vibration, before and up to the end of the synchronization region. This behavior
is consistent with the results of the experiments of Bishop and Hassan (1964).

Introducing © = w,t and noting that

d?cp B 2dch d*x, B 2d2xr
=W, — -
dt

=W, —, —_—
dr? " dr? dr?

Eqgs. (14) and (15) can be written using dimensionless parameters in the 7 domain as

1,2
X, + damping term+x,,:(1/M)L2pZ)7;L, (16)
. x,)D
¢1 + damping term + wlc; = azfi;l , 17
n

where x, is the dimensionless lift displacement x/D, and ©3 = w?/w?.
Setting up a recurrence relation for f{x,), we have

f(x) =ke(x, + At.X,), (18)

where k. is the stiffness of the cylinder in the lift direction. This form is chosen since x, is the lift displacement; therefore,
the lift force is a product of this “displacement” and the corresponding stiffness. A truncated series expression is used in
lieu of a single term to avoid secular definitions which may lead to divergence.

Now recalling that k./w,” is the mass (M) of the cylinder and assuming the contributing volume of air is proportional
to the volume of the cylinder, Eq. (17) can be written in a dimensionally consistent form as follows:

aM
. d: . t 2, _ o ; A ..r ) 19
¢z + damping term + wjer = & 0 DI2 (x, + AtX,) (19)

where the term ¢ is a proportionality constant, since the contributory volume of air was assumed to be proportional to
the cylinder volume. It should be noted that the constant term on the right-hand side of Eq. (19) bears a similarity to the
Scruton number, except for the damping ratio.
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The two equations given below are chosen to represent the isolated system. They are the general second-order
equation of motion and the modified Rayleigh equation:

X+ 20x, + x, = aw%cL, (20)

] aM
Cp—omolr +wioi'i +CU(2)CL=80W(M + Atx,). (21

These equations are similar to the system of equations developed by Hartlen and Currie (1970), with the exception of
the forcing term in the aerodynamic equation being modified. The parameters o and y are damping terms, with o being a
negative damping term and y a positive damping term. The forcing function of the aerodynamic Eq. (20) is related to
the motion of the cylinder. The constant a = pD’l/(87°S° M), where S is the Strouhal number.

The damping function in the aerodynamic equation (21) is used in preference to the classical Rayleigh equation since
the limit cycle in this form is independent of the reduced velocity, w,, whereas the classical model shows some
dependence on the reduced velocity. The classical form also has one damping constant, whereas the form chosen here
has two damping terms, which gives greater flexibility in the evaluation of the parameters to match the various
experimental data available.

The model developed here is that proposed by Williams and Suaris (2006). The method used for the solution of the
system of equations was the finite difference approximation. A parametric study was carried out on the Rayleigh
equation using the Euler method. From this analysis, the limit cycle was found to be independent of the initial
conditions, ¢y, and dependent solely on o and y. In applying the finite difference approximation to the solution of the
system equations (20) and (21), the values for x_; and %( were generated from recurrence relationships. A Fortran 90
compiler was utilized to generate the algorithms. The time step used, along with the precision of the compiler eliminated
the presence of nonlinear instability due to manipulation of small numbers.

3.2. Parametric study on the modified Rayleigh oscillator

The form of the Rayleigh equation chosen is as follows:

¢r—omolr + %Ci + wher =0. 22)
0

The numerical solution represented in the phase plane for various initial conditions is shown in Figs. 3-6. In the
figures, c¢; represents the value of the lift coefficient, and ¢y its first derivative with respect to 7. The values of the
parameters, o y and w are set at unity. The results of this part of the analysis indicate that the radius of the limit cycle is
approximately 1.25 for the parameter values chosen, and it is independent of the initial conditions of the system. This
observation contrasts to the Hartlen and Currie (1970) relationship, where the solution was dependent on the initial
conditions of the system. A similar analysis, keeping the initial condition constant along with the parameters « and 7,
and varying the frequency of the system wy, indicates that the limit cycle is again independent of wq. This highlights the
robustness of the chosen form of the Rayleigh equation and confirms its suitability for use in the development of an
aerodynamic lift response model.
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Fig. 3. System response with initial condition, C;( = 0.4; lift response, C;, versus time, 7.
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Fig. 6. Phase plane plot of system response with initial condition, C;y = 2.0.
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The relaxation oscillations of this nonlinear system are persistent; therefore models incorporating its use will tend to
be structurally stable. From the analysis above, the limit cycle was a permanent feature of the phase portrait, even with
the introduction of small perturbations. This insensitivity to small changes indicates that the model equation is robust.

The bifurcation of the equation was, however, evident as the parameters o and y were varied while keeping the initial
conditions and the frequency wy constant. The limit cycle grew in size away from the fixed point as the parameter o
increased. This Hopf bifurcation is consistent with the behavior of the Rayleigh equation. The y term behaved as a
positive damping term. Therefore, in using the Rayleigh oscillator for the proposed model, only variations in the
parameters « and y are considered when matching the results of various experimental series.

3.3. Calibration of the model parameters

The experimental work of Brika and Laneville (1993), Kitagawa et al. (1997), and Goswami et al. (1993), was used to
evaluate the parameters o and y. Expressing Eq. (21) in a form that is numerically manageable, the constant term ¢ is
chosen so as to make the coefficient unity for Goswami’s experimental series. The values for all the other tests were
pro-rated in accordance with their respective values of the term, (4M/L)/(np.i:DL).

The terms « and y are damping terms, with o, being a negative damping term that affects the location of the maximum
amplitude and y a positive damping term. Both these terms were taken as being related to the Scruton number, Sr,
which is related to the damping ratio. The Scruton number was chosen in preference to the damping ratio since its value
provides greater flexibility, as its size is numerically manageable.

The Scruton number is defined as

Sr=m{/(pD?), (23)

where m is the mass per unit length of the cylinder, D the diameter of the cylinder, { the damping ratio, and p the density
of the fluid medium. This number reflects the effect of the fluid—structure mass ratio and the level of mechanical
damping in the system.

Fig. 7 shows the variation in maximum amplitude, X},.x, with the Scruton number. The experimental values are taken
from previous investigations.

Once the values of the parameters have been identified for the relevant experiments, a simple regression analysis was
carried out using the Scruton number as the independent variable. From this analysis, the parameters o and y were
established as

a=2.13¢""%, 24

7 =0.0136 &5 + 0.36. (25)

Figs. 8 and 9 show the results of the analytical model compared with the experimental results of Goswami et al.
(1993), for two damping ratios.
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Fig. 7. Maximum amplitude, X,,., versus the Scruton number. Source: Williams and Suaris (2006).
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Fig. 8. Response amplitude X,,.x versus wg for analytical and empirical model. Experimental data taken from Goswami et al. (1993).
—, {=0.301% — analytical; ——, { =0.301% — experimental.
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Fig. 9. Response amplitude X, versus wq for analytical and empirical models. Experimental data taken from Goswami et al. (1993).
—, {=0.149% — analytical, ——, { = 0.149% — experimental.

4. Mathematical existence of solution

This section covers the properties of the model equation that make it suitable for simulating the aerodynamic
behavior of mechanical systems. It is to be noted that the methods that were used for solving the ordinary differential
equations include Euler’s method and the finite difference approximation. This section considers some of the important
mathematical concepts for the existence and the uniqueness of solutions. As a matter of interest, with modern day
approaches, such as the finite element technique, most partial differential equations can be reduced to a set of ordinary
differential equations, so that the methods used in this paper can be applied to the solution of most analytical problems.

4.1. Continuity

Every differentiable function is continuous, but the converse is not always true. One example of this is the function,
f(x)=|x|. This function is continuous, but it is not differentiable. So, for our present problem of examining
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aerodynamic behavior of a structure, represented by

$ro1 +20% 1 + X =ai0]_ e, (26)

Cr—1—amo_1Cr— 1+ (CL D+ e =ef(x1), (27)

it has been established that the variables in these equations are differentiable, and therefore continuous. In order to
prove the above statement, let us consider a function f{t), which is differentiable at t=a. This implies that 3 f(a),
such that

lim, _,,

SO _ ) (8)

Then for any ¢>0, 3 a value J >0 such that

fla)- b<y“) T @)+, (29)
whenever
0<|t—al <. (30)

Simplifying Eq. (29), we have
(f (@—e)lt—al <|f () —f (@] <(f (@) + &)lt—al. 31

On the right-hand side of Eq. (31) we have
f()—fa)l <&, (32)

where

=(f(a) + &)lt—al. (33)

This implies that ¢ is defined. And since ¢ is defined, f{a) must be defined since |f(t)—f(a)| exist. Then, it follows
that f{a) is defined. Therefore, we can assume that f(z) is continuous at T = a. And it can generally be stated that for a
single-valued function of 7 to be continuous at 7 = a, three conditions must be satisfied:

(i) Condition 1: lim,_, ,f () exists.
(if) Condition 2: The function is defined for the value 7 = a.
(iii) Condition 3: lim,_,.f(z) =f(a).

If these conditions are not all satisfied, the function is discontinuous.

4.2. Existence and uniqueness of solutions

This section considers a system of # first order ordinary differential equations in normal form, that is
c1=Ci(ery ey Cn3 1),

: (34)
Cpn=Cu(Clyeuer Cy3 T).

C; are given functions of the n+1 real variables, cy,...,c,, 7. Therefore, the object is to find solutions of Eq. (34), that
is, sets of n functions ¢ (1), ..., c,(7) of class £', which satisfy Eq. (34). The functions C; are assumed to be continuous
and real-valued in a given region R of the (n+1)-dimensional space of the independent variables cy, ..., c;,T.

First-order systems of differential equations (Eq. (34)), provide a standard form to which all ordinary differential
equations and systems of differential equations can be reduced. This can be achieved by matrix reduction as discussed in
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Arrowsmith and Place (1982). Therefore, the theory outlined here for the existence and uniqueness of solutions of
differential equations and systems of differential equations will be generalized for first-order systems.

Now, introducing vector notation, Eq. (34) can be reduced to a more concise form, which can be termed a normal
first-order vector differential equation. This is written as

&« _e@n. (33)

Therefore, a solution of Eq. (35) is a vector-valued function ¢(tr) of a real (scalar) variable 7, such that
2(t) = C(@(),7).

In order to make use of vector notation for systems of differential equations, we need to list a few facts about vectors
in n-dimensional Euclidean space. They are as follows:

(1) addition of two vectors and multiplication of vectors by scalars are defined component-wise as in the plane and in
space;

(ii) the length of a vector ¢ =(cy, ¢, ..., ¢,) is defined as [¢] = (3 + S + - + )2

(iii) length satisfies the triangle inequality, that is |¢ + X| < [¢| + |X];

(iv) the dot product or inner product of two vectors is defined as ¢ - X =c¢;x; + -+ - + ¢, X3

(v) the dot product satisfies the Schwarz inequality |¢ - X| < |¢| - |X|; and

(vi) integration, differentiation and other such functions are carried out component by component as in vector
addition.

4.3. Initial value definition

The cylinder is considered initially at rest with no initial displacement, therefore

X-1(0)=0, %,_;(0)=0. (36)

The other initial conditions needed for complete definition of the problem are the time derivative of the lift coefficient
for the cylinder, ¢;-1(0). To define this value, we first consider the lift force on this upstream cylinder, F;(t). By
definition

Fr(t)=Krer(v), 37N

where K; is a constant value.
Now, using a forward difference approximation for the first time derivative of the lift coefficient, we have

., cL(A)—cL(0)
- At ’
where c¢; (A7) is the lift coefficient at time Az. Intuitively, the lift force is generated only after vortices are shed by the
structure. This indicates that there is a time lag between the fluid flow past the structure and the lift force applied to the
structure. Therefore, for some finite time interval, equal to or less than this lag, At, ¢, (A7) is equal to zero. So, for a time
step, At, chosen small enough, and not equal to zero, ¢, (A1) would be zero, leaving the numerator of Eq. (38) equal
to zero.

Therefore, ¢7—1(0) can be assumed zero for the cylinder, and the four initial conditions for definition of Egs. (26) and
(27) for the proposed model have been established.

¢2(0) (38)

4.4. Lipschitz condition

If a solution to a differential equation is found which satisfies all the boundary (initial) conditions, then it is the only
solution to that equation. This is called the uniqueness theorem. In physical problems, a reasonable approach to finding
solutions to differential equations would be to use a trial solution and try to force it to fit the boundary conditions.
This section introduces a fundamental definition that is used in the uniqueness theorem. The definition is stated: a
vector-valued function C"(Z“’, 7) satisfies a Lipschitz condition in a region R of (¢,7) space if and only if, for some
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finite Lipschitz constant L,
|C(c,1)—C(d,7)| < Llc—d| if (c,t) € R, (d,7) € R. (39)

Both terms on the left-hand side of Eq. (39) involve the same value of .

For differential equations to be useful in predicting the future behavior of a physical system from its present state,
their solutions must exist, be unique, and depend continuously on their initial values. When all these conditions are
satisfied, the initial value problem is said to be well set. And it can be further stated that, if C satisfies a Lipschitz
condition, then the vector differential equation, Eq. (35), defines a well-set initial value problem i.e. the solutions exist
and are unique.

Now, here is a system, Egs. (26) and (27) of two, second-order differential equations:

$rot + 20 %1 + X = a10]_ 1, (40)

.. . Y
CL—1—0Wo-1Cr—1 +
,

! ) (1) + w%_ch—l =¢f (xr_1). 41)

Making the substitution x; = x,_;, X =X,_1, ¢ =c¢z_1, and ¢; =¢r_1, we can convert the system above to an
equivalent system of four first order differential equations as follows:

¥1=x2, Xa=aw)_ =20 x2—x1, (42,43)

. . 71
Gr=0, G=gef(x1))+oawo_102— o

(-} c1. (44, 45)

Simplifying the above into a more general form, we have

X1=x3, X2= —bxz—xl + écl, (46,47)

é1=c3, &3=Der—Ecy—Fep + Gf(xy), (48,49)
where b, G, D, E, F, and G represent the coefficients of the corresponding variables in Egs. (42)—(45), and f{x;) is a

general function of x; which can be taken as equal to x; in this case without loss of generality. The dot in the equations
denotes the derivative with respect to 7. Eqs. (46)—(49) can be further simplified to give

X=X, X2=X;, ¢&=C, =0, (50, 51, 52,53)

where these equations are for the cylinder with X, X5, Ci, and C, defined as follows:

Xi=x3, Xo=-Dxs—x;+Ge;, Ci=cs, Co=Der—EA—Fe+ Gf(x)). (54,55,56,57)

Eqgs. (54)—(57) can be reduced to

Teo— {X1(X1,x2,f) }’ e = { C1(C1,62,T)} (58.59)

Xa(x1,x2,7) Cy(ct1,02,7)

involving vector valued functions X x,7), 6‘(?, 7). The next step shows that the right hand side of Eqs. (54)—(57) satisfies
a Lipschitz condition. Referring to Eq. (39) and carrying out the Lipschitz test for the cylinder, i.e. in Egs. (54)—(57),
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and considering this equation as a coupled vector, the Lipschitz inequality becomes

X1(x2,7)=X1(32,7) X1=)1
Xo(x1,x2,¢1,7)—X2(¥1, V2, d1,T) 1] x—
2(x1, X2, €1, D)= X2 (V1. 2, di <T 202 (60)
Ci(c2,1)=Ci(da,7) c1—d,
Ca(c1, €2, X1, X2, 1) = Coldy, da, Y1, 12, T) o—dy
Further, expanding the left-hand side of Eq. (60) and using Eqgs. (54)-(57), we have
X2—=)2
(_DXQ—XI =+ GCl)—(—DyQ—yl + Gd])
. (61)
—dy
(Des—Ec3—Fey + Gx1)—(Ddy—Ed3 —Fdy + Gyy)
Next, on simplifying Eq. (61), we have
0 1 0 0 X1—M
-1 -D G 0 X2—
2—)2 (62)
0 0 0 1 a—d
G 0 -F D—E(C% + Czdz + d22) Cz—dz
Then, making use of the Schwarz Inequality for two vectors A and B, which states
|4-B| < |4]-|B] (63)

and comparing Eq. (62) with the left-hand side of Eq. (63), and referring to Eq. (39), we obtain the result that the
one-norm of matrix 4 in Eq. (62) serves as a suitable Lipschitz constant. The one-norm is chosen since it is subordinate
to the vector sum norm, which implies that the inequality stated in Eq. (63) will always be satisfied (Young and
Gregory, 1973). It is to be noted here that the matrix one-norm of A4 is positive and larger than unity since by definition
the one-norm of matrix A4 is

1411 =max } _ a (64)

i=1

It must be mentioned here that there is no loss of generality in the above analysis which was carried out on the system
of equations for the cylinder since the system of equations for the cylinder were the general form of the equation of
motion and the Rayleigh equation.

5. Summary
For the model proposed by Skop and Balasubramanian (1997), it is not clear that for a stationary structure, where y
is zero, the equation has a self-limiting solution, i.e.
q_wsG(CIZ‘O_A"qz)q + wfq = (}J_VF)./,
where ¢ is proposed to take the form

q = Crpsin wgt.

From observation, the ¢ term does not cancel out and the statement that C7, < 1 does not hold for general cases, thus
making the relation for a self-limiting solution invalid. Also, the governing Van der Pol oscillator equations are
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transcendental in nature; therefore, the current approach would be to generate numerical solutions rather than explore
some quasi-closed form solutions as proposed by Facchinetti et al. (2004).

Basically from the literature reviewed, the form of the Rayleigh equation used by Skop and Balasubramanian (1997)
and developed by Facchinetti et al. (2004) is of the classical form, and the “quasi” nonlinear term ¢; ¢ indicates that the
Lipschitz condition cannot be satisfied, and as a result the problem becomes ill-defined and a numerical solution may
not be easily formulated. For this reason, the model proposed by Williams and Suaris (2006), is preferred since this
model produces a well-defined problem and from actual research, in comparing with actual cylinders subjected to
aerodynamic excitations, proves to converge to the observed results.

6. Conclusions

Convergence is taken to mean that the numerical or difference method applied to the solution of the differential
equation approaches the exact solution to the differential equation as the step size approaches zero, assuming there is
no round off error. In general, in applying difference methods to cases where the data is not well behaved in the classical
sense, convergence is still achieved as discussed in Theorem 2.1 in Chartres and Stepleman (1971), and further
elaborated as Theorem 1 in Feldstein and Goodman (1973).

In the classical situation, the convergence theorem of Young and Gregory (1973) shows that the truncation error or
discretization error in Euler’s method goes to zero as the step size goes to zero. In contrast, it can be shown (Young and
Gregory, 1973) that, as the step size goes to zero, the round-off error increases. This means that the step size should not
be reduced to approach zero indefinitely. Also, from the results of the analysis carried out in this paper, it is interesting
to note that the finite difference approximations produce results which converge from below, i.e. lower bound solutions
are obtained, or in other words the exact solution is greater than the approximate solution. This can be stated as

Xapprox < Xexact- (65)

This has both advantages and disadvantages from an engineering point of view.

The concept of stability discussed in this section is a joint property of the numerical method and the differential
equations under investigation. For a convergent method, the fundamental solution approximates the exact solution as
the time step goes to zero and the round-off error neglected. Now, when the fundamental solution is overpowered by
parasitic solutions or solutions that feed on the errors in the numerical solution, i.e. truncation and round-off errors,
then instability results.

For the analysis carried out, numerical solutions were obtained with varying step sizes, and these showed no
significant differences; therefore the system was considered stable and there was no need to try alternative solution
methods.
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